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1. Introduction 



The study of semi-classical solutions of noncommutative field theories has turned out 
to be an interesting and rich subject with a variety of unexpected applications. The prop- 
erties of noncommutative U(l) instantons provided one of the early motivations for the 
study of noncommutative field theories [|1], and it has been understood that noncommu- 
tative gauge theory arises from a limit of string theory More recently soliton 
solutions of scalar noncommutative field theory have been constructed @ . These solutions 
have played an important role in constructing D-branes as noncommutative solitons of the 
tachyon field of open string theory |7|,|]||. There have also been many studies of solitons 



in noncommutative scalar-gauge theory |q, pi| , p^[l^ , |l^ , P^ , p^p^ , p77| . 

In this paper we introduce a simple technique to find exact solutions in many different 
noncommutative gauge field theories, with or without scalar fields. We exploit it to gener- 
ate several new solutions, as well as some that were previously presented in the literature. 
Our method provides an efficient means of finding non-trivial solutions, and additionally 
offers a unified interpretation of a large class of solitons. 

The starting point of our solution generating technique is the gauge invariance of non- 
commutative gauge theory. We then note that an enlarged class of transformations leave 
the field equations invariant by virtue of being "almost gauge" , without being full-fledged 
symmetries. These transformations thus map solutions to solutions, giving a simple method 
to generate new solutions. In this paper we describe the method for gauge field theories 
and give various examples, including a detailed discussion of the effective field theory de- 
scription of open string field theory. We anticipate that generalizations of the construction 



can be applied directly in the full string field theory, both in its cubic formulation JT8 



and its background independent version |19| . 



The solitons we construct are exact solutions for all values of the noncommutativity 
parameter, or equivalent ly the background S-field. They are regular for any non- vanishing 
value of B, but singular in the limit B — > 0. They should therefore be distinguished 
from solutions which remain smooth as B — > 0; those form a seperate branch and are 
more difficult to construct explicitly. For example, some of the familiar BPS solitons in 



commutative theories have generalizations to the noncommutative case |12| but the solitons 
we construct typically have higher energy than the corresponding BPS solitons; indeed 
we find that in some cases their energy diverges as B — ► 0. 

An important application of noncommutative solitons is to the description of tachyon 
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condensation in open string field theory. Large noncommutativity B = oo introduces a 
large length scale making derivatives in the action negligible; so in this limit it is simple 
to find p-brane solitons. Explicit computation shows that they have the same tension and 
other properties as D-branes; they should therefore be identified with D-branes |§ . In this 
paper we generalize this result by exhibiting solitons with the same tension as D-branes 
for all values of B. The new feature in the present construction is that there is a non- 
vanishing gauge field excited in the solution, adjusted precisely so that the gauge covariant 
derivatives vanish identically. This property effectively makes derivatives unimportant 
without needing a new length scale to justify neglecting them. Moreover, the form of the 
string field theory effective action is such that this feat can be accomplished at no cost in 
energy. 

In our description D-branes are thus interpreted as solitons, with a width that depends 
on B and vanishes as B — > 0. This result is satisfying because D-branes are smaller than 
string scale in perturbative string theory at B = 0. If the aim is to understand the solitons 
at B = it may be useful to interpret the noncommutativity as a regulator which can be 
taken arbitrarily small. The physical picture is qualitatively similar to the one emerging 
from boundary string field theory [pOlplj (see also [f22"H ). There the boundary conformal 
field theory is perturbed by a relevant operator with the mass parameter u. The soliton 
has width 1/u and u flows to u = oo in the exact description; thus there is a rough 
correspondance B «-> 1/u. In contrast, the description of D-brane solitons in the level 
truncation approximation to the cubic string field theory appears to yield solitons of finite 
width ||23|| . The field variables used in our discussion are evidently qualitatively similar to 
those of boundary string field theory, but not those of the level truncation scheme. 

One of the goals of studying tachyon condensation in open string field theory is to 
obtain a better understanding of the non-perturbative "closed string" vacuum and its sym- 
metries. In open string theory there is an obvious gauge symmetry changing F and B while 
fixing T = F + B. Thus the gauge invariant characterization of large noncommutativity 
is T = oo. In the closed string vacuum far away from any D-branes there are no gauge 
fields to give rise to F, and different constant values of B are gauge equivalent. This 
gauge invariance is quite mysterious from the open string point of view. Our results give 
a direct calculational verification of the expected T independence of D-brane properties. 
The relation of our results to other proposals regarding the structure of the closed string 
vacuum will be discussed in the final section of this paper. 
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The paper is organized as follows. In section 2 we present the solution generating 
technique for noncommutative solitons and give examples in simple noncommutative gauge 
theories. In section 3 we use an effective field theory description of open string field theory 
to find solitons that we interpret as .D-branes for any value of T . Section 4 discusses some 
implications of our results. 

We note that several papers have exploited partial isometries in the construction of 
instanton solutions |M,E25,26j and in a study of string field theory |27 . 



2. The Solution Generating Technique 

In many physical theories the equations of motion are left invariant by a larger sym- 
metry than is the full theory. This property is useful for generating nontrivial solutions 
to the field equations: starting with a known (and typically simple) solution and acting 
with a symmetry of the equations of motion one finds a new (and often more involved) 
solution. In the present section we apply this strategy to noncommutative gauge theories 
and consider as examples Yang-Mills-Higgs theories. The following section discusses the 
effective theories arising in open string field theory. In both cases, we will start with the 
vacuum and act with a solution generating transformation to arrive at a soliton solution. 
The solutions we construct are exact for any value of noncommutativity. One class of these 
solutions reduces to those of in the limit of large noncommutativity, while another class 
gives exact vortex solutions and higher dimensional generalizations thereof. 



2.1. The General Construction 

A quantum field theory in a given dimension can always be represented as a lower 
dimensional theory, with the "missing" dimensions implemented as additional indices on 
the fields. This type of representation arises naturally in D-brane realizations of noncom- 
mutative field theories. Here D-branes can be represented as configurations of infinitely 
many lower dimensional D-branes. In this framework, the familiar U(l) gauge theory 
on the brane becomes a "£7(oo)" gauge symmetry in the lower dimensional theory and 
implements the invariance under area-preserving diffeomorphisms [28,251- 



It is convenient to represent field configurations on the noncommutative space as 
operators acting on an auxiliary Hilbert space Ti (see e.g. ||.) In this formalism the 
symmetry is more precisely written as a UiTi) symmetry of unitary transformations on 
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Hilbert space transforming states and operators as 

-<^F , (2.i) 

where (9 denotes the Hermitian conjugate or adjoint of O. In the operator representation 
the equations of motion can be arranged to involve products of operators each transforming 
according to the last equation in (|2.1|) . They are clearly invariant under transformations 
satisfying 

UU = 1 . (2.2) 

That is, the condition (|2.2| ) ensures that 

and so will take solutions of the equations of motion to solutions. 

True gauge transformations of the theory are realized by unitary operators satisfying 
UU = I as well as ( [2.2| ). This should be distinguished from the present situation where 
the solution generating transformations are not full-fledged symmetries of the theory; in 
particular, they do not leave the action invariant. The condition (|2.2| ) implies that UU 
is a projection operator, so solution generating transformations are represented by the 
operators satisfying fl2.2| ) but 

UU = P, (2.4) 

with P a projection operator not equal to the identity operator. 

The operator equation OOO = O implies that OO = Pi and OO = Pi where P\ , Pi 
are projection operators. Projection operators related in this way are said to be Murray- 
Von Neumann equivalent. An operator obeying this equation is called a partial isometry. 
If Pi is the identity operator then O preserves inner products on the full Hilbert space and 
is thus called an isometry. If P\ is also the identity operator then O is unitary. Thus our 
generating transformations U are non-unitary isometries and P is Murray-von Neumann 
equivalent to the identity operator. 

The solution generating transformations are "almost" gauge transformations. For 
P = I — P n , with P n a rank n projection operator, U fails to be unitary only in an n 
dimensional subspace. In position space, the corresponding statement is that U fails to be 
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a true gauge transformation in a region of characteristic size \fn9 around the origin. Thus 
acting with U on the vacuum will produce localized soliton solutions. Since U does not 
generally commute with the Hamiltonian, the solitons will have nonvanishing energy. These 
transformations should not be confused with more familiar "large" gauge transformations. 
The latter leave the classical action invariant but act nontrivially on quantum states due 
to their nontrivial behavior at infinity. 

It is often the case that the full Hilbert space factorizes into several subspaces, e.g. 
corresponding to pairs of noncommutative dimensions, or commutative ones. A more gen- 
eral solution generator can then be found which acts as a non-unitary isometry on each 
subspace independently. Apart from the obvious interest in generalizing the construction, 
this is useful because we are often interested in solutions which do not depend on time, 
or other variables "along the brane". Such solutions are generated by choosing the iden- 
tity transformation along the appropriate subspaces. More generally, we can take the 
transformations to act by taking states from one subspace into those of another. 

It is not possible to realize ( |2.2| ) and ( |2.4| ) simultaneously in a finite dimensional vector 
space. To construct examples in an infinite dimensional separable Hilbert space, introduce 
an orthonormal basis \k), k = 0, 1, . . . and consider the shift operator 

oo 

S = J2\k + l)(k\ . (2.5) 

k=0 

It satisfies 

S n S n = I , S n T = I-P n , (2.6) 

where / is the identity operator and P n denote the projection operators on to the first n 
states 

n-l 

P„ = J>X*I- (2.7) 

k=0 

Thus U = S n are solution generating transformations. 

In the remainder of this section we show how these abstract considerations work 
in some explicit examples. We will need the following notation. Coordinates commute 
according to 

[x\x j ]=iO ij . (2.8) 

In 2 + 1 dimensions we write 9 = O 12 . In higher dimensions we skew-diagonalize with 
qi = Ql.t+i Integrals over any two noncommutative directions appear in the operator 
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representation as 

1 



d 2 x -> Tr . (2.9) 



;2.i2) 



2tt# 

In complex coordinates, z = (x 1 + zx 2 )/v / 2, derivatives become 

d = d z = -9-*[G,-] , d = d w = d-^[a,-] , (2.10) 
where a = z/y/9 so that 

[a,a]=I. (2.11) 
We write the gauge potential and field strength as 
A = A z , A = Ay , 

F = iF zz = i(dA-dA- i[A, A]) = 6' 1 ([C, C] + /) 
where 

C = a + i9^A, C = a-i9^A. (2.13) 

When considering noncommutativity in several complex dimensions simultaneously an 
additional index is introduced on the various symbols to distinguish subspaces. 

2.2. Soliton Examples 

Consider a noncommutative gauge theory in D = 2 + 1 dimensions 

S = j dtd 2 x [~\{F^f + \d^D^ - V(<f> - ■ (2-14) 

Our metric convention is = (+, — , — ). We take the potential V to have a local minimum 
at = 0* with V(0) = and a local maximum at = 0. We take the scalar field in the 
adjoint representation so the covariant derivative is 

D M = ^0-^,0] , (2.15) 

or in the operator formalism 

D<p =D z( p = -e-^[c,<f>] , 

lr - , (2-16) 

D<f>=D-<p = e-^[c,<f>] . 



The simplest solutions to the theory (|2.14| ) are spatially uniform, with the scalar field equal 



to an extremum of the potential, = 0*, and the gauge field vanishing, i.e. C = a and C 
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a. In ( 2.14 ) the scalar field has been shifted such that the Lagrangian has no terms linear in 
the fields. This is important because otherwise the equations of motion would have a term 
proportional to the identity operator / which transforms in the identity representation 
(for non- unitary transformations the adjoint representation would take I — > UIU = P). 
Thus each term in the equations of motion transforms in the adjoint of U(7i) so, without 
detailed computations it is clear that they are invariant under "gauge" transformations 
<fi — > U(pU, C — > UCU even for non-unitary U satisfying ( |2.2[ ) and ( |2.4| ). Taking U = S n 
and using ( |2.6fl we generate the soliton solutions 

<f>=fa(I-P n ) , 

C =S n aS n , (2.17) 
C =S n aT . 

Note that here and in all other solutions considered in this paper the barred gauge field C 
is simply the hermitian conjugate of C. 

In position space the operator P n vanishes exponentially outside a region of linear 
extent ~ ynO; so the tachyon field in ( |2.17| ) is excited from the vacuum </> = fal in a 
region of this size. The field strength 

F=j j ([C i V\+l) = ±P ni (2.18) 



is similarly localized, so C = a asymptotically. The solution (|2.17|) is thus interpreted as 
a well-localized soliton. 

In operator form the energy of static solutions to the theory ( |2.14j ) is 

E = 2tt9 Tr Qf 2 + i[C, 0] + F(0 - fa)) . (2.19) 

We normalize the potential so that the state far from the soliton has vanishing energy 
V(0) = (otherwise the energy would diverge). Then the solution ( [2.17|) has energy 



E = 2ir6n(J^ + V{-fa)) . (2.20) 

As far as we are aware the soliton solutions ( |2.17| ) are new. At infinite noncommuta- 
tivity the gauge field is negligible and our solutions reduce to the pure scalar field solutions 



of [hi. For fa = they reduce to the pure gauge theory solutions found in [11] and studied 



in detail in [16]. Note that the energy ( |2.20| ) diverges as 9 — > 0, so we do not find well 
behaved solutions in the commutative theory. 

A variation of the construction above is to reconsider the theory (|2.14|) but taking 



instead the scalar field <p i n the fundamental representation of the gauge group. Then 
4> — > U<fi under gauge transformations. Following the steps above we find solutions with 

(f> = STfa , (2.21) 



and the gauge fields given in (|2.17|) . For a quartic potential, this solution was first found 



in [15[] and represents a vortex. Generalizations are considered in the following section. 



2.3. Vortex Examples 

Motivated by brane constructions it is natural to consider theories with a complex 
scalar field cf> transforming in the bi- fundamental of two U(l) gauge groups. The La- 
grangian 

S = J f-i(F+) 2 -i(F^^ , 

(2.22) 

with covariant derivatives 



D^ = d^-i{A+<j>-$A: 



(2.23) 



/tv ^/*v "\ J >r v-fj, j 5 

D l rf = drf+i@A+-A-'$) , 
is invariant under the U (TC) <S> U (TC) gauge symmetry 

(j) -+V<f)U , 

C~ ->UC-~U , (2.24) 

c+ ^vc+v . 

The non- unitary isometries U = S n , V = S m generate the solutions 

=S m T , 

C~ =S n aT , (2.25) 
C+ =S m aS m . 

The corresponding field strengths 

F~ = - Q P n , F+ = - Q P m , (2.26) 



identify the solutions ( |2.25|) as coincident vortices, charged with respect to both U(l) fields. 
The flux is quantized, 

/ d 2 xF ± = 2n6 Tr(F ± ) = 27r(integer). (2.27) 

In string theory these solutions will be interpreted as vortex/anti- vortex configurations 
corresponding to coincident branes and anti-branes. 

It can be verified by explicit computation that ( |2.25| ) satisfy the equations of motion. 
A first step is the operator expressions 

D(j) = 6-^{-C + (j) + (j)C-) , 

(2-28) 

D(j) = 6-2(-C-(j) + <pC + ) , 

giving 

D(/) = D7f) = D(f) = D0 = O . (2.29) 

These relations are not surprising because they hold trivially in vacuum, and they are 
preserved by the solution generating transformation. 

In the limit of large noncommutativity a class of these solutions was first found in |8|,[| . 
Our solutions are singular in the 9 — > limit. This is to be contrasted with the approximate 
vortex solutions studied in The latter reduce to the standard Nielsen-Olesen vortex 
in the commutative limit. 

2.4- The ABS Construction 

The vortex solution can be generalized to solitons localized in more dimensions. The 
relevant construction is due to Atiyah-Bott-Shapiro (ABS) |3(J and is well known from the 
construction of BPS solitons in the DD-system ||31||. Our discussion follows the noncom- 



mutative generalization of these solutions in |32[ where more details can be found (see also 



31 



We want to construct a soliton of co-dimension 2p. The starting point is a set of 
gamma matrices Tj, j = 1,2, ...2p which map S+ to S- where S± are the two 2 P_1 
dimensional spinor representations of the SO(2p) rotation group transverse to the soliton. 
General principles give pffil 

dim ker T • x =1 , 

(2.30) 

dim ker V ■ x =0 , 
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with suitable conventions for T-matrices. It follows that 



- - 1 / 

T = r ■ x _ -- , (2.31) 

v r • x r • x 

is well defined and satisfies 

TT = I , TT = I-P X , (2.32) 

where Pi is the projection operator onto the one-dimensional kernel of T ■ x. It is now clear 
that U = T is a solution generating transformation. The resulting gauge fields are 

C+ = a a , C~ = Ta a T , (2.33) 

where the index a = 1, . . . ,p ennumerates the subspaces. 

Let us be more explicit for the case of p = 2. We label the two 2D subspaces by 
coordinates z and w, and work in terms of operators acting on the Hilbert space of two by 



two matrices with entries in TC ® 7i. The gauge fields (|2.33|) then become 



C+ = a®/, C+ = /®a, C~=T{a®I)T, C~ = T(I ®a)T . (2.34) 

Choosing the noncommutativity 9 in the two subspaces to be equal, the corresponding 
nonvanishing field strengths are 

F~- = F~- = -i6~ l Pi . (2.35) 

ZZ WW 1 \ / 

This is a self-dual field strength (see below). 

The construction of multi-vortex/anti- vortex solutions from the previous section can 
be repeated in 2p dimensions. The operator T has a one-dimensional kernel and the first 
equation in (|2.32| ) implies that it is surjective, imT = S- <8> H® v . It follows that T maps 
a one-dimensional subspace into its own kernel, a process that can be repeated with the 
result (this also follows from an index theorem [^3j ) 

dim ker T n = n , (2.36) 

and so 

T n T n = I , T n T n = I-P n , (2.37) 
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where P n is the projection operator onto the kernel of T n . We can thus use the operator 
U = T™ as a solution generator; moreover there are two gauge fields transforming inde- 



pendently, as in ( 2.24]) , so we can also use V = T .The result is multi-ABS/anti-ABS 



solitons with the gauge fields 

C+ = T m a a T m , C~ = T n a a T n . (2.38) 

We have several comments: 

(1) The manipulations above are quite general; they can be repeated after replacing T ■ x 
with any other operator satisfying (|2.30| ). The operators T and T are known as 
Toeplitz operators. 

(2) The derivation illustrates a general feature of the solution generating technique, 
namely that we do not need an explicit action to find a solution, only some general 
properties of the theory. 

(3) The gauge field C~ in (|2.33|) falls off like 1/r in position space. This naively indicates 



a field strength F~ ~ 1/r 2 and thus an infrared divergence in the energy after the 
spatial integration for all p > 1. However, the actual field strength, 9F~ = Pi , 
gives finite energy - - it corresponds in position space to a Gaussian falloff. The 
derivative and commutator terms in the field strength apparently cancel all the power 
law dependence. In generic commutative theories the 1/r falloff of the gauge field 
(which is required for an acceptable falloff of the scalar field derivatives) does lead to 
a divergent energy, and so eliminates the possibility of solitons with more than three 
transverse directions^. So this gives another instance of noncommutative solitons with 
no commutative counterparts. 

2.5. More on Instantons 

At this point it is natural to ask what class of noncommutative solitons can be gen- 
erated using our technique. To explain a specific limitation we consider the important 
example of instantons in a noncommutative U(l) gauge theory in four dimensions [|l|. The 
equations of motion 

[C"MC M ,O,]]=0, (2.39) 

where \i, v = 1,2,3,4 are invariant under — > UC^U for all the U satisfying ( |2.2|) , 
including those of the form (|2.4j ). 



1 See e.g. [34]. We thank G. Moore for bringing this to our attention. 
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Any self-dual or anti-self-dual field strength automatically satisfies ( |2.39| ). In the 
operator formalism the self-duality condition is 

[Cz-, Cw] =0 , 

_ _ (2.40) 

[Cz 5 Cjs] = [C w , C^j] , 

and the anti-self-duality condition reads 

[C z , C w \ =0 , 

_ (2-41) 
[C z , Cz] + [C w , Cyj] — — 21 . 

We chose complex coordinates in two 2D subspaces with identical noncommutativity, so O 
is self-dual; furthermore e zw -j^j = 1. Now, it is simple to show that the self-duality condition 
( |2.40|) is invariant under U transformations satisfying ( |2.2|) , including those satisfying ( |2.4|) , 
whereas the anti-self-duality condition (|2.41| ) is invariant only if also UU = I, i.e. under 
true gauge transformations. Self-dual instantons are thus simple to generate because the 
self-duality conditions are preserved under solution generating transformations. Indeed, 
starting with vacuum and transforming with a suitable U we return to ( |2.35|) , recovering 



the self-dual instantons of |T(j] . On the other hand, it is more difficult to generate the anti- 
self-dual instantons of Nekrasov and Schwarz |IJ since transformations of the vacuum are 
generally not anti-self-dual. Of course this can also be turned into an advantage: starting 
with the Nekrasov- Schwarz anti-self-dual instanton we can generate many other solutions 
that are similarly unconnected to the vacuum. 



3. Applications in String Field Theory 

So far we have discussed noncommutative Yang-Mills-Higgs theories, but it should be 
clear that our method applies much more generally. The key feature is the existence of 
U(H) gauge symmetry. In this section we study actions arising from string field theory, and 
our exact solutions will correspond to D-branes. As discussed in section 4, this generalizes 
the construction of ||, and shows that the results obtained there are exact for any value 
of 9. 

The first issue we need to discuss is the realization of gauge symmetry in string field 
theory. Witten's cubic open string field theory |HJ is invariant with respect to the gauge 
transformations 

5 A t> = QA + g s t>* A-g s A*t> , (3.1) 
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where A is a ghost number zero string field. The g s dependent contribution mixes compo- 
nent fields of different levels. The resulting transformations look very unusual and unwieldy 
when expressed in component form, and the action truncated to any finite number of com- 
ponents is not gauge invariant. For example, the lowest level component of A induces the 
following (schematic) transformations on the tachyon and gauge field ||35|i : 



6x<t>=[\,$)+{\,a} + {d li \,A> i } + {\,d (t A' i } + ■■■ , 
dxA^ = d^X + [A, i„] + [a, d^X] + [A, d^a] + {A, d^} + {d^X, 0} (3.2) 
+ [d^X,d^A v ) + [X,d^d u A u } + [d u d^X,A} + [d u X,d fl A v ] + ••■ . 

Here a is an auxilliary scalar, • • • indicate contributions of higher level fields, and / = 
exp [a 7 ln(3y / 3/4)9 M 9 Ai ] / for any function /. Also, Chan-Paton factors have been included 
and so all fields are N x N matrices. 

To obtain a simpler realization of the gauge invariance we can imagine integrating out 
classically all fields except for the tachyon and gauge field. Then it is believed f3(| that 
there exists a field redefinition such that 

S\4> = ~ *[A,0] , 

(3.3) 

S X A^ = d^X-iWA^] . 

In particular, in the presence of noncommutativity there will be a U(TC) gauge symmetry 
with fields transforming as in the examples of the previous section. It is then simple to 
apply our solution generating technique to arbitrary gauge invariant actions expressed in 
terms of these variables. This is the approach we follow in this section. 

As is well known from the work of f4j,|| , the B-field is incorporated into the action by 
replacing ordinary products by ★ products, and the closed string metric g^ u and coupling 
g s by the open string metric and coupling G s . There is some freedom in the choice of 



the open string quantities corresponding to a choice of $ parameter; see [14[ for detailed 
discussion. For our purposes, it is convenient to take $ = —B. In the case of maximal 
rank B-field and Euclidean signature this implies the relations 

G = -(2na') 2 B-B , (3-4) 
9 

G s = gsdet^na'Bg- 1 )? . 
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The noncommutative field strength F only appears in the action in the combination F + <&, 
or equivalently given our choice for $, only through [C, C]. 

On the other hand, for constructing codimension 2p solutions it is only necessary to 
turn on noncommutativity in 2p directions. For simplicity we will explicitly consider p = 1, 
but the generalization to arbitrary p is straightforward. In d + 1 Minkowskian dimensions 
we take g^ = r)^ v and 

B d _ hd = 6, b < , (3.5) 

so that 

= diag(l, -1, . . . , -1, -(2W6) 2 , -(2na'b) 2 ) , ( 3 - 6 ) 
G s = (2na'\b\)g s . 

It is convenient to use complex coordinates in the noncommutative directions, 

z = -^(x^ 1 + ix d ) . (3.7) 

In the operator representation we introduce C and C as in section 2. 

3.1. Bosonic string 

The action for the tachyon and gauge field in the absence of the B-field is 

S=jf d 26 x^ - l)F^F^ + ■■■ + 1/(0 - l)d^d^ + ■ ■ ■ - V(cf> - 1) | . 

98 (3-8) 
Omitted terms indicate higher powers of fields and higher derivatives. It is convenient for 
us to take the arguments of h, f and V to be <f> — 1. We have defined 4> so that V{4> — 1) 
has a local maximum at 4> — with V(— 1) = 1 (the L>25-brane), and a local minimum at 
= 1 with V(0) = (the closed string vacuum). With these conventions, the £>25-brane 
tension in the absence of B-field is T25 = c/g s . The functions h((p — 1) multiplying powers 
of F^ v without derivatives are all known since they sum up to give V(<p — 1) times the 
Born-Infeld action. In particular, these functions all vanish in the closed string vacuum 



37| , p8| , |2T[| ; as will see, this will be important when we come to verifying that our solitons 
have the correct tensions to be identified with D-branes. 

Now we turn on the B-field in x 24 , x 25 . The tachyon transforms in the adjoint of 
noncommutative U(l) as in ( |2.15[ ), and the field strength becomes 

Fpv = d^A v - d v A^ + i[A„, A v ] . (3.9) 
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Using the operator representation in the noncommutative directions, the action becomes, 



S 



2n9c 

~g7 



d 24 xVG Tr 



+ 1/(0 - l)D^D.cj> + ■ ■ ■ - V{(f> - 1) 



(3.10) 



with 



24,25 



24,25 — —iFzz + ^ — — C] 



(3.11) 



All indices are contracted with G^, and * products are implied. Also, we have not specified 
the factor ordering in ( |3.10|) since it will not be necessary to do so. 

Now we repeat the argument from section 2. Let U G U(7i) satisfy UU = I and be 



independent of x°, 



x 
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The equations of motion following from ( |3.10| ) are invariant 



under the transformations 



C 



A, 



U<j>U . 

ucu 



UA^U 



(3.12) 



II = ... 23 



Taking U = S n so that 



UU = I-P„ 



and acting on the closed string vacuum — <p 
solutions _ 

</> = s n s n 

C = S n aS r 



A, 



0, 



1, C = o, A, 



(I-Pn 



0...23 . 



(3.13) 

we thus generate the 
(3.14) 



^ - », H 

They are interpreted as n coincident L>23-branes. 

It is easy to evaluate the energy of this solution for the general action ( |3.10| ) because 
the only contribution comes from the potential term. In particular, all terms involving 
covariant derivatives of (p or vanish because they do so in the closed string vacuum 
and this is preserved by the solution generating transformation. We also have 



h(<t> - 1)[C, C} 2 = h(-P n )(l - P n ) = h(-l)P n (l -P n ) = 0. 



(3.15) 



In the second step we used h(0) = 0. Terms with higher powers of [C, C] similarly vanish 
(with any choice of factor ordering) simply because the projection operators P n and 1 — P n 
are orthogonal. For the potential term we have 



V{<f> - 1) = V(-P n ) = V(-l)P n = P n 



(3.16) 
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Then using 

VG6 _2na' 

we find for the action ( |3.1Q ) evaluated on our solution, 

g= (27r)Vnc 
9s J 

which identifies the tension as 

{2ir) 2 a'nc ,„ 2 / 



(27r)VnT 25 = nT 23 , (3.19) 
as desired. 

Repeating this construction for 2p noncommutative directions we find D(25 — 2p)- 
branes with the correct tension. 

The construction we have given here reduces to that of in the limit of large B-field. 
There, the effect of the large B-field was to suppress the derivative contributions. Here, we 
have an exact construction for any value of B . The key point is that the solution generating 
transformation generates a gauge field which sets the covariant derivatives of fields to zero. 

3.2. The Superstring 

In type II string theory there are two types of unstable Dp-branes: "wrong" p non- 
BPS Dp-branes, and the DD system. The construction of solitons on the former class 
of D-branes is a trivial extension of our discussion for the bosonic string, so we focus 
here on the DD system. The field content of the effective theory after integrating out 
massive modes corresponds to the theory studied in section 2.3. The tachyon potential is 
a "Mexican hat" with minima at |0| = 1. There is also a symmetry given by the action of 



(— ) Fl which corresponds to interchanging the D and D ||39|| : 



■1) Fl : (f)^(f), A+ <-> A~ . (3.20) 



Next we write down an action for the string field theory, generalizing (|2.22|) and sat- 
isfying some basic properties. First consider the gauge kinetic terms. Given the symmetry 
( CT we write 

C„ = MH 2 - 1){F~ + F+) 2 + h.(\<P\ 2 - 1)(F~ - F+f. (3.21) 
The function h+ is known to vanish in the closed string vacuum. 
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In the noncommutative theory F~ and F + transform differently under the two U(l) 
factors, but one can form linear combinations by noting that F~ and (pF + (p transform in 
the same way. So an acceptable gauge kinetic term is 

Cgauge = M# " 1) + + + $ ^)<P} 2 

+ M# - 1) {F- + ^ - HF+ + dv)</>} 2 (3.22) 

+ {0^0, A + <-> A"} , 

with /i+(0) = 0. The last line is included for symmetry under (— ) Fh . A similar expression 
holds for terms including higher powers of the gauge fields. 

Tachyon kinetic terms appear as in ( |2.22|) , but now multiplied by functions f(4>4> — 1) 
and symmetrized. Symmetry under (— ) Fl implies that the potential is of the form 

V{($-1) + V((M>-1) . (3.23) 

In the notation of ( |2.22|) we take V = W. 



Now we use our solution generating transformation to construct exact solitons rep- 
resenting BPS D-branes. As before, we will explicitly consider the codimension two case; 
starting with a spacefilling D9 — D9 system of IIB this will produce BPS D7-branes. As 
in ( |2.25| ) , the solution we generate starting from the closed string vacuum is 

= s m T , 

C~ = S n aT , 

(3.24) 

C+ = S m aS m , 

A+ = A~ = 0, /! = ().. .7. 

We claim that this solution represents m D7-branes coincident with n -D7-branes. 

We now work out the energy of this solution. As in the bosonic case, covariant 
derivatives of the tachyon and field strengths vanish before and after the transformation, 
and so do not contribute to the energy. It is less trivial to verify that the gauge field terms 
( p.22| ) do not contribute. We need to compute 

2 2 

/ i+ (#-l){[C-,C 3 ]+0[C+,C+]0} +/ i _(#-l){[C-,C 3 ]-0[C+,C+]0) . (3.25) 



For our solution, 



I - P 



I-Pn, 



[C-,C-}= - (I-Pn) , 
^[C+,C+]^= - (I-Pn) 



(3.26) 
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The first term in ( |3.25| ) vanishes since h+((p(f) — 1) = h + (—P n ) = h + (—l)P n , which is 
orthogonal to J — P n ; here we used that h+(0) = 0. The second term in ( |3.25|) vanishes 
without a similar assumption about h-. So as in the bosonic theory, the only contribution 
to the energy comes from the potential term, which we find to be 

V(<$ - 1) + F(# - 1) = V(-P m ) + V(-P n ) = V(-l)(P m + P n ). (3.27) 

Repeating the computation leading to ( |3.19|) in the bosonic case now gives the tension 

m (2-K) 2 a'(n + m)c^ NrTn . 

T nm = — - -T 9 = n + m)T 7 . (3.28) 

9s 

as expected for m _D7-branes plus n L>7-branes. 

Using the ABS construction of solitons in section 2.4, it is straightforward to generalize 
the above discussion to codimension 2p solitons representing coincident D(9 — 2p) and 
D(9 — 2p) branes. 



4. Discussion 

In this paper we have constructed soliton solutions of noncommutative gauge theories 
with or without scalar (tachyon) fields for arbitrary values of the noncommutativity pa- 
rameter 9. In the context of an effective low-energy description of string field theory these 
solutions represent various D-brane solutions discussed previously at infinite noncommu- 
tativity in f7|,|,0. We would now like to discuss some of the implications of these solutions 
and the technique used to generate them. 

One issue which has arisen in discussions of noncommutative tachyon condensation 
involves the correct description of the closed string vacuum. Clearly in the vacuum the 
tachyon field <fi takes on its minimum everywhere, <fi = <p*I, but various possibilities have 
been discussed for the gauge field configuration. Given the vanishing of the gauge kinetic 
term in the closed string vacuum, these different choices are degenerate in energy at the 
level of effective field theory. It was argued in f4Q[] , based in part on studies in truncated 



string field theory ||T]| , that these choices are in fact illusory, an artifact of using the wrong 



variables to describe the closed string vacuum. 

In [^,0] one obtains a simple description of D-branes as noncommutative solitons by 
taking a limit of large noncommutativity, the key point being that derivative corrections 
are suppressed in this limit. In || it was suggested that this description should also hold 
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at finite or vanishing noncommutativity since a purely transverse B-field can be shifted by 
a gauge transformation, but it was not clear how to show this explicitly given the presence 
of derivative corrections. Since the limit also requires one to take the closed string coupling 
g s — > in order to obtain a finite open string coupling, another concern was whether this 
limit of the theory is smoothly connected to the commutative theory with finite but small 
g s .S Various discussion of these issues can be found in fp^l^J^ pBI. 

To resolve these issues one should distinguish several possible notions of "0" indepen- 
dence. In string theory the gauge invariant physical quantity isi T = F + B. Different 
choices of F and B with fixed T lead to different but gauge equivalent descriptions of the 
physics. The physical issue is one of the T dependence of the D-brane tensions and spectra 
computed using noncommutative solitons. 

The noncommutative description of D-branes involves the noncommutative field 
strength F and a two-form $ |45|,|5|,^4]| . In this language the issue is one of dependence 
on the physical combination F + $. The discussion of makes it clear that one can 
formulate the theory in a form which is independent of the background value of this phys- 
ical combination. In this language one must choose a classical solution for the quantities 
X 1 = Q^Cj with specified boundary conditions at infinity. Specifying boundary conditions 
is equivalent to choosing a vacuum, X % = x 1 with = z0 ZJ ', and the question of 9 



independence is whether the physics is independent of this choice. Both || and [^3| were 
based on the vacuum X 1 = 0: |§ phrased this in terms of the limit B —>■ oo with O = 1/B, 
while |33|] set C% = 0.@ Here we have shown that the correct properties of D-branes are 
recovered for any choice of vacuum, that is 

x% = Q?) 3 Cj ' with Tf^ 2 "- 1 - iC2 ^ = ^ ' 

for any B. Since D-brane properties are here found to be 9 independent, this result also 



supports the argument of |4(| that the superficially different vacua labelled by 9 should 
actually be identified. 

Since we can in particular take 9 finite, we are not forced to take g s — > in order 
to make the open string coupling finite. Thus the representation of D-branes as non- 



2 Similar issues arise in the proposal of [42]. 

3 Here F is the commutative field strength. The noncommutative field strength denoted F in 
the main text is changed to F in the discussion section, conforming with the notation of f|. 



4 More precisely, [@| took B — > oo in transverse directions, while [43] took d = in all 
directions including time. 
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commutative solitons we have found is valid for arbitrary 9 and small but non-zero g s . 
This establishes that the solutions found in are not just a description of D-branes 
in some unphysical regime of infinite noncommutativity and zero coupling, but rather are 
describing D-branes in the conventional weakly coupled string theory vacuum as argued 
in I- 

Another issue raised by this work is related to the presence of non-zero gauge fields 
in the exact solution, even in the bosonic string. This would naively seem to be in contra- 
diction with the description of D-branes as lumps in open bosonic string field theory |23| 
where one argues that the gauge field can consistently be set to zero in level truncation 
35|,^6| . On the other hand, the relation between the gauge invariant description used here 



and the gauge fields which appear in string field theory is highly non-trivial |36]. It may 



be that a field redefinition and/or string field theory gauge transformation relates the two 
naively different descriptions. In type II string theory the question can be asked more 
sharply since the gauge field strength acts as a source of RR charge and hence must be 
non-zero in any construction of BPS D-branes. To our knowledge the form of the gauge 
field for BPS D-branes has not yet been examined in truncated open string field theory. 

Finally, it would be interesting to apply these techniques directly in string field theory. 
Cubic open string field theory jTS| even at B = has an infinite dimensional symmetry 



group, and it may be possible to construct the analog of non-unitary isometries. It has 



been suggested []27| that one might construct the closed string vacuum in the form 

A Q = V*QV , (4.2) 

for some "non-unitary isometry" obeying V * V = I. § Our considerations suggest that 
whether or not this is the case, one should try to construct D-brane solutions in string 
field theory by acting with non-unitary isometries on the closed string vacuum state 

(Q + A D _ brane ) = V*(Q + A )V . (4.3) 

It would be interesting to try to carry out this proposal concretely, either in the theory 
with B = or in the theory with B ^ where the star product is modified to include the 
Moyal product on the zero mode wave functions. 
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